An accurate analytical method has been proposed to solve for stress in a half plane containing a finite array of elliptic inclusions, the last being a model of near-surface zone of the fibrous composite part. The method combines the MuskhelishviliÕs method of complex potentials with the Fourier integral transform technique. By accurate satisfaction of all the boundary conditions, a primary boundary-value elastostatics problem for a piece-homogeneous domain has been reduced to an ordinary well-posed set of linear algebraic equations. A properly chosen form of potentials provides a remarkably simple form of equations and thus an efficient computational algorithm. The theory developed is rather general and can be applied to solve a variety of elastostatics problems. Up to several hundred interacting inclusions can be considered in this way in practical simulations which makes the model of composite half plane realistic and flexible enough to account for the microstructure statistics. The stress concentration factors and effective thermoelastic properties of random structure composites with dilute concentration of fibers are estimated in the vicinity of a free edge. The numerical examples are given showing accuracy and numerical efficiency of the developed method and disclosing the way and extent to which the nearby free or loaded boundary influences the local and mean stress concentration in the fibrous composite.
Introduction
The problem we consider is an elastic equilibrium of a half space containing a finite array of long parallel elliptic fibers. Provided the surface load and far stress field do not vary in the fiber direction, the elastostatic problem can be thought as two-dimensional (2D) one, namely, an elastic half plane with a finite number N > 1 of elliptic inclusions embedded. From the composite mechanics viewpoint, it can be interpreted as a many-inclusion model of near-surface zone of the fibrous composite part. The models of this kind are advantageous in that they provide a natural way to study the relationship between the microstructure statistics and overall compositeÕs behavior. However, as analysis of publications shows (see, e.g., the comprehensive review by Buryachenko (2001) ), the most work done in this area relates to the compositeÕs bulk, whereas relatively few publications can be found in the literature where the many-inclusion models were applied to study the edge effects in composites.
At the same time, the mentioned problem is of major practical importance. A well-known fact is that in many cases strength of a solid is governed by its near-surface area being a zone of initiating and developing the cracks. The first reason for it is accumulation near the surface of the defects resulting from fabrication, service and environment. The second one is that the near-surface stress field differs substantially from that in the bulk and often appears to be favorable for the crack initiation and propagation. Therefore, to get a reliable estimate of a composite productÕs strength, the edge effects should be taken into account. Jeffery (1920) has solved for stress in a half plane with the circular hole using bipolar coordinates and it was, probably, the pioneering work in this area. Today, more than 80 years since it has been published, the ''inhomogeneous half plane'' problem continues to be relevant and attracts the attention of investigators. The surveys of the work done up to the 1960s can be found in the fundamental book by Savin (1961) . Among the recent publications, we mention the paper by Dong et al. (2004) who tested three numerical methods on the problem for a half plane containing two circular inclusions. Although only well-separated and distant from the flat boundary inclusions were considered, discrepancy in the numerical data generated by the different methods has been observed. Verruijt (1998) , Ru (2000) and Kooi and Verruijt (2001) used the method of complex potentials and applied conformal mapping to reduce the half plane with hole problem to the problem for circular ring. The principal drawback of their approach is that, like the JefferyÕs solution, only a single inclusion problem can be considered in this way.
However, this limitation relates the specific technique rather than the method of complex potentials itself. Developed more than 50 years ago by Muskhelishvili (1953) , it is now well-recognized as an efficient tool for solving a variety of 2D problems of linear elastostatics including those stated on the multiply connected domains. This fact makes the method potentially very useful in micromechanics of fibrous composites because it provides an efficient tool for studying the many-inclusion models with an accurate account for the fiber-fiber interactions. In the theoretical study of composites reinforced by the unidirectional circular fibers, the method has been applied successfully by Horii and Nemat-Nasser (1985) , Golovchan et al. (1993) , Buryachenko and Kushch (in press ), among many others. Recently, a series solution has been obtained by Kushch et al. (in press ) for a piece-homogeneous plane with a number of elliptic inclusions of arbitrary size, aspect ratio, location and elastic properties. The method developed there combines standard MuskhelishviliÕs representation of general solution in terms of complex potentials with the superposition principle and newly derived re-expansion formulae to obtain a complete solution of the many-inclusion problem.
It should be mentioned that the investigation of the free edge effect in micromechanics of composites has a long history initiated in pioneer papers by Pagano, see Pagano and Rybicki (1974) , Rybicki and Pagano (1976) and Reddy (1994) . Significant progress in this field was achieved for the composites of regular structures, see for references Pagano and Yuan (2000) , Buryachenko (2001) and Buryachenko and Pagano (2005) . However, the analogous results for the random structure composites are significantly less developed. The perturbation method for weakly inhomogeneous media was proposed for the free edge analysis of microinhomogeneous half-space by Podalkov and Romanov (1984) (see also Lomakin, 1970) who constructed dispersions of the strains by this method in a first-order approximation. Luciano and Willis (2003) proposed a methodology for obtaining a nonlocal effective constitutive operator in the vicinity of the free edge of composites with any ratio of the constituent properties; they numerically analyzed a thermal conductivity problem for the random 2-D model structure specified by two-point exponential correlation function. However, according to the authorÕs knowledge, the analogous elastic problem for an arbitrary elastic contrast between the constituent properties is not solved even for simplest random structures, such as a dilute concentration of spherical inclusions. The last classical problem for the 2-D case will be considered in the current publication.
In the present work, an accurate solution has been obtained for an elastic half plane containing a finite array of nonoverlapping elliptic inhomogeneities. To solve for stress, the method of complex potentials has been combined with the Fourier integral transform technique. In what follows, we consider first the auxiliary conductivity problem for a half plane with a single hole, where we introduce the basic notations and give a general idea of the approach. Next, solution of the elastostatics problem for a half plane with a single inclusion will be described in detail and, finally, a complete solution of the many-inclusion problem will be given. The effective thermoelastic properties and stress concentration factors of random structure composites with dilute concentration of fibers will be estimated in the vicinity of a free edge. The results of the numerical study are summarized in the last section. Finally, some theoretical results are given in Appendix A; for their derivation and more details of the method, see Kushch et al. (in press ).
The problem statement
We consider an infinite isotropic elastic half-space containing a finite array of aligned, elliptic in crosssection, long fibers. The external load is the uniform far stress tensor S = {S ij } applied in a way that the stress field does not vary in the fiberÕs axis direction. In this case, the problem can be stated as 2-D (plane strain or plane stress formulation) which, in turn, enables using the method of complex potentials.
The general geometry considered in this work is a piece-homogeneous half plane x 2 6 0, containing N nonoverlapping elliptic inclusions, centered in the points O q with coordinates (X 1q , X 2q ). An aspect ratio of qth ellipse is e q = l 2q /l 1q , l 1q and l 2q being the major and minor ellipseÕs semi-axis, respectively. For the simplicity sake, we assume all the ellipses to be equally oriented. Another derivative geometric parameter to be used in subsequent analysis is the interfoci distance 2d q , where
q . Besides the global Cartesian coordinate system Ox 1 x 2 , we introduce the local coordinate systems with origins O q (Fig. 1) .
In our analysis, complex variables of two kinds will be used. The global and local variables of the first kind are the points of the Cartesian complex plane
respectively. Clearly, z = z q + Z q , where Z q = X 1q + iX 2q . The local coordinates of different systems are related by z p = Z pq + z q , where Z pq = Z q À Z p . The variables of the second kind are the local curvilinear coordinates n q = f q + ig q , given by
In fact, (2.2) defines an elliptic coordinate system with f and g as ''radial'' and ''angular'' coordinates, respectively. In these variables, geometry of qth inclusion can be alternatively defined by a pair of parameters (n q0 , d q ). So, the boundary S q of the qth ellipse is a coordinate line
and, thus, the points at matrix-elliptic fiber interface are the functions of angular coordinate g only. This fact makes the elliptic complex variable n particularly useful in the problems formulated on domains with elliptic boundaries/interfaces. The displacement u and traction T n = r AE n vectors, where r is the stress tensor, are assumed to be continuous at the elliptic matrix-inclusion interface S q with the unit normal vector n:
ð2:4Þ
Here, [[f] ] S means a jump of the function f through the boundary S; e.g., ½½u Sq ¼ ðu ð0Þ À u ðqÞ Þ f¼f 0 , where the upper indices ''0'' and ''q'' refer to matrix and qth inclusion, respectively. Also, r = Le, where e ¼ 1 2 ½ru þ ðruÞ > is the small strain tensor and L = L(G, m) is the isotropic stiffness tensor, with the shear modulus G and PoissonÕs ratio m: G = G 0 , m = m 0 in the matrix and G = G q , m = m q in the qth inclusion. At the half plane boundary, the normal traction
is prescribed. Following Muskhelishvili (1953) , we express the displacement vector u = (u 1 , u 2 ) > in terms of the complex potentials u and w, namely for plane stress problem; u means a complex conjugate of u, etc. Noteworthy, the expression (2.6) is slightly different in form but equivalent to the formula originally suggested by Muskhelishvili. In fact, (2.6) reduces to the standard form by replacing w(z) with w(z) À zu 0 (z), the latter being an analytical function of variable z as well. However, representation (2.6) is advantageous for our purpose in several ways. Corresponding to u (2.6) Cartesian components of the stress tensor r are given by r 11 þ r 22 ¼ 4Gðu 0 ðzÞ þ u 0 ðzÞÞ; At the boundary x 2 = const., the traction vector takes a form s n = r 22 + ir 12 ; from (2.7), we find for x 2 = 0 s n ¼ 2G½u 0 ðzÞ þ w 0 ðzÞ. ð2:8Þ
Satisfaction of the conditions (2.4) can be greatly simplified by rewriting the displacement and traction vectors in terms of their curvilinear, normal and tangential to interface f = f 0 , components:
They also can be expressed in terms of the complex potentials (Muskhelishvili, 1953) : where, from (2.2), x 0 (n) = dz/dn = d sinh n.
Method of solution
The key to success in applying the method of complex potentials is a proper choice of the functions u and w. Below, we show how these functions can be constructed to provide an efficient solution of the problem.
Half plane with elliptic hole: conductivity problem
To illustrate basic technique of the method, we start with the simple auxiliary problem, namely, conductivity of a half plane x 2 6 0 with a single elliptic hole (N = 1). The temperature field T satisfies the Laplace equation, written in complex variables as
As to the boundary conditions, we prescribe a heat flux q = Àk$T at the flat boundary x 2 = 0 ðq Á nÞj x 2 ¼0 ¼ Q; ð3:2Þ whereas the holeÕs surface is assumed to be thermally isolated:
Here, index q 1 and, in principle, could be omitted; we will keep it to distinguish between the local z q and global z variables and to provide the uniform notations throughout the paper. Also, for simplicity, Q is assumed to be constant. We solve this problem using the theory of complex potentials. The common knowledge is that T can be found as
where u is the analytical function of complex variable z or z. To find u, we make use of the superposition principle. The domain we consider is an intersection of two single-connected areas, one being a half plane and another being a plane with elliptic hole. Therefore, it seems natural to decompose u into a sum of appropriate potentials. Specifically, we take u in the form
where u r = Cz (C = C 1 + iC 2 is a constant) represents a far field, whereas u s and u h are the disturbances induced by the hole and half plane edge, respectively. From the physical consideration, we require both of them to vanish at infinity.
The specific form of u s and u h has to be chosen to simplify satisfaction of the boundary conditions (3.2) and (3.3) to a maximum possible extent. The appropriate form of u s is a singular part of the series
where A n are the unknown complex coefficients (A n 0 for n 6 0) and
h is given by the Fourier integral
pðbÞ expðÀibzÞ db ð3:7Þ
with an unknown complex-value density p(b). First, we note that the condition oT ox 2
is equivalent to (3.2) and can be satisfied by putting
Eq. (3.9) will be used to specify p(b) in (3.7). In our geometry ( Fig. 1 ), x 2q > 0 at the half plane boundary and, therefore, we can apply the integral transform (A.1) to rewrite u s (3.6) as
A n nðÀiÞ n J n ðd q bÞ b exp½ibðz À Z q Þ db.
ð3:10Þ
Now, we substitute (3.10) and (3.7) into (3.9) and require it to be valid for arbitrary x 1 . As simple analysis shows, it is possible only when
for b > 0 and p(b) 0 otherwise. The unknown coefficients A n will be utilized to satisfy the boundary condition (3.3), which can be reduced to oT on
At the elliptic boundary S q , z q = d q cosh(f q0 + ig q ) and t q = exp(f q0 + ig q )] = t q0 exp(ig q ) are the functions of angular coordinate g q only and, thus, u s (3.6) is already suitable for our purpose. Representation of the linear term in (3.5) in the form similar to (3.6) is rather straightforward and gives
ð3:13Þ
To expand u h into a series, we apply formula (A.2) of Appendix A. The resulting expression is For the specific form (3.11) of p(b), the expression (3.15) can be simplified greatly. So, we have
taking account of (A.4), one obtains
where g nm are the coefficients of the re-expansion formula (A.3). The final step is substitution of the expressions (3.6), (3.13) and (3.14) into the condition (3.3); after simple algebra, we get
where d ij is the KroneckerÕs delta. Taking account of the orthogonality property of Fourier harmonics exp(ing q ) reduces (3.18) to a set of algebraic relations
A n ¼ e a n ðt q0 Þ 2n À e a n ; n ¼ 1; 2; . . .
ð3:19Þ
where e a n ¼ a n þ Eqs. (3.19) and (3.17) form an infinite system of linear algebraic equations, from where the unknown coefficients A n can be determined.
To complete this analysis, we mention an alternate way of obtaining Eq. (3.17). Substitution of (3.11) into (3.7) gives
where, on the right-hand side, we made use of (A.1) for Im z
Noteworthy, the series representation (3.14) of u h coincides in form with (3.6) but is written in local coordinates with origin Z q . Moreover, it could be taken instead of (3.7) in (3.5) from the very beginning if we solved the problem by the ''mirror image'' method (see Kellogg, 1953; Polubarinova-Kochina, 1962) , i.e., by introducing the fictitious inclusion placed symmetrically with respect to the half plane boundary and thus re-formulating the initial ''half plane with inclusion'' problem as that for an infinite plane with two inclusions. Now, to obtain local expansion of (3.20) in terms of t q , we apply the re-expansion formula (A.3) and immediately obtain the expression coinciding with (3.17). As rather straightforward to show, in the limiting case of circular hole the above solution reduces to the exact finite-form solution by Polubarinova-Kochina (1962) . Note also that Eq. (3.20) provides a simple and efficient way of u h numerical evaluation.
Half plane with elliptic inclusion: elasticity problem
Next, we consider an elastic half plane with a single elliptic inclusion subjected to the uniform far loading. By analogy with the above analysis (3.5), we find the displacement field u = u 1 + iu 2 as a three-term sum
21Þ u r being the far field solution and u s and u h being the disturbance fields induced by the inclusion and flat boundary, respectively. Two first terms in (3.21) are essentially the same as in Kushch et al. (in press ); below, we give a brief summary of the formulas derived there.
Unbounded plane
An appropriate form of the potential functions u and w for the domains with elliptic boundaries is
where C n and D n are the complex coefficients, t = exp n and t 0 = exp(f 0 ). Accounting for
, it is quite obvious that both u and w (3.22) are the analytical functions of z.
The displacement field u (q) inside the inclusion is regular, i.e., continuous and finite in any point of inclusion. It means that Laurent series expansions of the corresponding complex potentials contain the terms with non-negative powers of z only. The following relations between C n and D n with positive and negative indices n,
provide regularity of the displacement u (q) and stress r (q) fields. As to displacement in the matrix domain, we write it as a sum of regular and singular parts:
Here, u r represents the far field whereas u s describes disturbance induced by the inclusion; expectably, u s ! 0 as jzj ! 1. The corresponding potentials u and w also can be divided into singular and regular parts
The explicit form of u s and w s is given by Eq. (3.22) with replacing C n and D n to A n and B n , respectively. where we keep the series terms with negative powers of tonly to provide vanishing of the disturbance field at infinity. Thus, A n ¼ B n 0 for n 6 0.
ð3:25Þ
The potentials u r and w r entering u r can be written in the form (3.22) with the unknown coefficients a r n and b r n which comply (3.23) as well.
For example, let us consider a far field induced by the remote constant strain tensor E = {E ij }. Representation of the corresponding linear displacement field
takes the form (2.6) with the potentials (3.22), where 
With u and w in the form (3.22), the expression of u and s n (2.9) at the interface f q = f q0 is simplified substantially. So, the first condition (2.4) reduces to
where , q ¼ ,ðm q Þ. The orthogonality property of Fourier harmonics exp(ing q ) allows us to decompose the functional equality (3.29) into an infinite set of linear algebraic equations
By applying the same procedure to second of the conditions (2.4) and taking account of
we get another set of linear equations: 
q0 À b n ; n ¼ 1; 2; . . .
ð3:33Þ
with the unknowns A n , B n , C n and D n (n > 0) and with the coefficients a n ¼ a r n and b n ¼ b r n entering the right-hand side vector.
Contribution from the half plane boundary
The half plane edge disturbance u h (z) is given by (2.6) with the potentials, analogous to (3.7): namely, For the time being, we apply at the flat boundary the uniform load compatible with the far stress field S = {S ij }:
It is obvious that u r (3.26), with E ij given by E = L À1 S, satisfies (3.35) and reduces it to the homogeneous boundary condition
equivalent to (3.9) in the conductivity problem. We make use of (3.36) to find the integral densities p(b) and q(b). It follows from (2.8) and (3.34) that at
ðibÞ½pðbÞ expðibx 1 Þ À qðbÞ expðÀibx 1 Þ db.
ð3:37Þ
On the other hand, from (2.8) one finds also
Application of the transformation rule (3.10)-(3.39) gives
ð3:39Þ
Differentiation of these expressions with respect to z q does not meet any difficulties: by their substitution into (3.38) we obtain
ðibÞfÀQðbÞ expðibZ q Þ expðÀibx 1 Þ þ ½P ðbÞ À 2bX 2q QðbÞ expðÀibZ q Þ expðibx 1 Þg db;
ð3:40Þ
where
ð3:41Þ
Here, as well as in (3.39), J n = J n (d q b). Now, we substitute (3.37) and (3.40) into (3.36) to get the finite relations between p(b), q(b) and A n , B n :
pðbÞ ¼ ½P ðbÞ À 2bX 2q QðbÞ expðibZ q Þ;
Remark 1. The traction boundary condition (3.35) is obviously not the only choice. We can consider in the same way the displacement or mixed-mode condition at the flat boundary of the half plane and, moreover, these conditions can be inhomogeneous. For example, let (3.35) has the form
The last condition provides the total (surface plus far field) force balance and is not restrictive in any way. In this case, the condition (3.36) has the non-zero right-hand side:
where f(b) is given by the inverse Fourier transform f ðbÞ ¼ 1 2p
It results in the additional right-hand terms in the expressions (3.42) which, however, do not affect the flow of solution.
The disturbance from the half plane boundary also contributes to the field around the inclusion, and, to obtain a resolving set of equations for A n and B n , we need first to expand u h locally in a vicinity of the point O q . This field is regular in every point of the half plane and, hence, its expansion has the form (3.22) and (3.23). In fact, we need such an expansion at the boundary f q = f q0 only, where, in accordance with (3.29), it simplifies to Â expðÀibZ q Þ db.
ð3:45Þ
The resolving set of linear algebraic equations has the form (3.33), with a n ¼ a To get it in explicit form for direct solver one needs to substitute (3.41) and (3.42) into (3.44) and (3.45) and then into (3.33). Alternatively, the simple iterative solving procedure can be applied here: given some initial guess of A n , B n , C n and D n , we compute a h nq and b h nq from (3.41), (3.42), (3.44) and (3.45), then substitute them into the right-hand side of (3.33) and solve it for the next approximation of unknown coefficients, etc. As computational practice shows, this procedure works well excluding only the case of inclusion nearly touching the half plane boundary where, to provide fast convergence of numerical algorithm, the initial approximation has to be taken properly.
Finite array of inclusions in half plane
Now, we have all the components of solution and can come back to the problem stated at the beginning of the paper. To write a solution for a multiply connected matrix domain, we make use of the superposition principle: 
ð3:47Þ
Note that the separate sum terms in (3.46) are written in variables of different local coordinate systems. Therefore, in order to satisfy the interface conditions (2.4) for, say, qth inclusion in a way exposed in the previous section, we need to find local expansion of (3.46) in variables of a given local coordinate system. In fact, we have to transform all the terms in the sum but one with p = q. For this purpose, the reexpansion formulas for the complex potentials, given in Appendix A, can be utilized. The b nq expression for n < 0 is (Kushch et al., in press): 
ð3:51Þ
The resolving set of linear equations is a trivial generalization of (3.33): Remark 2. Evaluation of the infinite integrals entering (3.46) requires a considerable computational effort and can affect efficiency of the numerical algorithm. It is possible to avoid direct integration, at least in the case of surface load taken in the form (3.35). To this end, we derive the formulas, application of which makes the solution for piece-homogeneous half plane as efficient as that for an unbounded plane. First, we substitute q(b) (3.51) into (3.34) and apply the integral transform (A.1) to obtain, by analogy with (3.20), Applying of this formula, together with (A.1), gives us also
Noteworthy, these formulae are exact and provide an efficient way of the displacement and stress fields evaluation. Possibly, even more important is that they give a clear idea of how solution for a half plane can be constructed in terms of algebraic functions in the framework of the above mentioned ''mirror image'' approach. However, such a solution is restricted to the case of uniform surface load (3.35) whereas the method exposed in the present communication is rather general and allows us to find solution for an arbitrary surface load.
To complete the theoretical part of the paper, we note the following. Although the above derivation was done for a purely elastic problem, the obtained formulas work as well in the case where, beside the far mechanical load, the constant initial phase stress (e.g., residual or thermal ones) in the form of eigenstress or eigenstrain tensor was prescribed. Namely, the constitutive equations The problems of this kind are rather typical in the composite micromechanics (see, e.g., Buryachenko, 2001 ). In the next section, we apply the derived solution for an inhomogeneous half plane to study the local stress concentration and effective compliance and thermal expansion tensors in the near-surface layer of dilute fibrous composite.
Microinhomogeneous half plane with dilute concentration of randomly dispersed inclusions
Let us consider a half plane X (0) {x 2 6 0} containing randomly distributed aligned elliptical identical inclusions X i (X (1) [X i ) with the semi-axes l 1 and l 2 and a dilute concentration when the interaction between the inclusions is negligible. The number density of the random field of inclusion centers is described by the Heaviside step function H: n(x) = n(1 À H(x 2 + 1.05 AE l 2 )), where the factor 1.05 is introduced with the purpose to avoid the problems of an accuracy reduction of the solution in the case of nearly touching inclusion and the boundary x 2 = 0. At a sufficient distance from the boundary x 2 = 0, the numerical density is related with the surface concentration of inclusion by the equality c(x) = c 1 = npl 1 l 2 , x = (x 1 , À1) > . We decompose the overall field as where B* is a fourth-order tensor; their phase conditional statistical averages B Ã k ðxÞ hB Ã i ðkÞ ðxÞ (k = 0,1; x 2 X (k) ) are called the mechanical stress concentration tensors; it is necessary that hB*i(x) = I, where I is the unit fourth-order tensor. Here the argument x used after the operation of statistical average h( AE )i(x) indicates the dependence of the relevant variable on the coordinate x. In so doing the stress field in the absence of inclusions is assumed to be homogeneous r(x) S = const., and the statistical average stress field in the composite, due to the dilute concentration of inclusions, is also homogeneous hri(x) S.
The overall constitutive relations are written as (1) and 0 otherwise. Estimation of M*(x) can be performed through the evaluation of the stresses r I (x) inside the moving inclusion x 2 X i at three different unit stresses S = const. with a single nonzero component S j = 1; otherwise S k 0 (j, k = 1, 2, 3; k 5 j), and b 0. Then the tensor B*(x) is represented explicitly over the found stress field r I ðxÞ: B jm ðxÞ ¼ r I m ðxÞ for S j = 1, S k 0 (j 5 k), where j, k, m = 1,2,3 and x 2 X
(1) . The number density n(x) does not depend on the coordinate x 1 , and because of this, the statistical average in the point x = (x 1 , x 2 ) > can be reduced to the estimation of the average over the line x 2 = const. Then for the function f(x) vanishing in the matrix (e.g. f = M 1 (x)B*(x), b 1 (x) + M 1 (x)r(x)), we get where the second integration is performed over chord [Àh(x 2 , y 2 ), h(x 2 , y 2 )] with hðx 2 ;
is defined by an intersection of the fixed line x 2 = const. and the ellipse with the center with the varying second coordinate y 2 . In particular, the random characteristic function of inclusions V(x) makes it possible to define a surface concentration of inclusions c(x) = hVi(x) as well as the conditional stresses inside the inclusions hVri(x). Formulae (4.6), (4.7) and (4.10) are valid for any material inhomogeneity of inclusions of any concentration and can easily be generalized to nonelliptical inclusions and the 3D case. However, we will consider only the dilute concentration of inclusions, when the interactions between the inclusions are neglected, and the effective thermoelastic properties (4.6) and (4.7) can be estimated from the solution series for one elliptical inclusion with the center moving along the line (0, y 2 ) (y 2 6 À1.05l 2 ) by the use of an averaging operation (4.10).
Numerical study
The solution we have derived is asymptotically exact. It means that to get the exact values, one has to solve a whole infinite set of linear equations. In practice, we solve it by applying the reduction method, i.e., we retain in (3.52) a certain finite number n max of equations and unknowns. Based on asymptotic analysis of the linear set (3.52), one can prove rigorously (e.g., Kantorovich and Krylov, 1964 that approximate solution obtained in this way converges to an exact one as n max ! 1. Thus, any desirable accuracy can be achieved by the proper choice of n max . So, for the well-separated inclusions (dilute composite case), even n max = 1 provides reasonably good approximation. The smaller the distance between the inclusions (more precisely, closest distance between their boundaries) and flat half plane edge, the higher is an order of Fourier harmonics which must be retained in the numerical solution to ensure appropriate accuracy of computations. The convergence rate of solution with n max increased as a function of distance Z 12 between the inhomogeneities was studied by Kushch et al. (in press ). It was shown there that for Z 12 = 5l 1 already n max = 5 provides four-digit accuracy of stress evaluation. At the same time, for nearly touching inclusions (Z 12 = 2.05l 1 ) as many as 25 harmonics are required to get an accurate convergent solution.
Some idea of the convergence rate as a function of normalized distance X 2q /l 2q between the elliptic inhomogeneity and half plane boundary can be drawn from Table 1 , where the stress r 11 (0) values are given corresponding to far stress S 22 = 1 and traction s n = 1 at x 2 = 0. In the problem considered here, the center of the elliptic hole (k 1 = 0) with aspect ratio e 1 = 0.3 in the half plane with m 0 = 0.3 is placed on the Ox 2 axis (see Fig. 3 ).
As seen from the table, for X 2q = 5l 2q already n max = 5 provides four-digit accuracy of stress evaluation at the point z = 0 where the stress peak value (and, expectably, lowest convergence rate) is observed. At the same time, for X 2q = 1.1l 2q where the min distance between the boundaries of hole and half plane is as small as 0.03l 1q , n max = 25 provides a practically convergent and accurate solution: deviation from the accurate data obtained by the finite element method (bottom line of Table 1 ) does not exceed 0.5%. Based on the above observations, the value n max = 25 is adopted for all subsequent calculations.
Below, some results of the stress field analysis of a half plane containing one, two and many inclusions are given. We start with the simplest problem of this class, namely, a half plane with a single elliptic hole. So, the plots in Fig. 2 show stress r 11 variation along the flat boundary x 2 = 0 of half plane induced by far stress S 11 = 1 for five aspect ratio values of ellipse, centered in the point with coordinates X 1q = 0 and X 2q = À(l 2q + dH). Here and below, we put the ellipseÕs major semi-axis l 1q = 1; distance between the hole surface and flat boundary of half plane is dH = 0.1. Calculations show that stress concentration on the free edge of half plane is getting down with aspect ratio e (and, thus, area of hole) decreased. On the contrary, Table 1 Convergence rate of r 11 (0) as a function of X 2q /l 2q n max X 2q /l 2q = 5 X 2q /l 2q = 2 X 2q /l 2q = 1.5 X 2q /l 2q = 1.2 X 2q /l 2q = for the far stress S 22 = 1 (and corresponding traction s n = 1 at x 2 = 0) prescribed, the stress r 11 concentration grows with e ! 0 dramatically (Fig. 3) and both high tensile and high compressive stresses are observed at the half plane boundary: so, for e = 0.1 max r 11 % 80S 22 . Noteworthy, in another limiting case e ! 1 (circular hole, line 1 in Figs. 2 and 3) our numerical data perfectly match those obtained by the numerical (FEM) and analytical (Savin, 1961 , solid points in Fig. 2 ) methods. Now, we take a half plane containing two identical elliptic inclusions with the elastic moduli G 1 = 0.5G 0 and m 1 = m 0 = 0.2 and analyze the stress r 11 variation, induced by the far load S 11 = 1, along the negative x 2 semi-axis. Position of the inclusions is given by coordinates X 1q = (À1) q (1 + e q /2), X 2q = À2e q . Curves in Fig. 4 show the effect of the inclusionÕs shape on the stress field in the matrix, the solid points represent data by Dong et al. (2004) for the circular inclusions (e q = 1). This comparison gives yet another validation of both the theory and numerical code developed in this work. Now, we give one application of the theory developed to the practical problem of composite mechanics. Sheng et al. (2004) considered a polymer nanocomposite of clustered structure. There, an isolated cluster was idealized as a multi-layer stack containing N silicate plates with uniform interlayer spacing. The experimentally observed plate thickness was roughly 1 nm, the layer spacing ranged from 2 to over 5 nm, and the number of plates per cluster varied from 1 to 50. In our model, the silicate nanolayers are approximated by the aligned ellipses with aspect ratio e = 0.01, YoungÕs modulus E 1 = 300 GPa and PoissonÕs ratio m 1 = 0.4 embedded into Epox862 matrix with E 0 = 3.01 GPa and m 0 = 0.41. The number of inclusions N = 15 and their position is given by Z p = 0 + 4i(p À 1)e, p = 1,2,. . ., N. In Fig. 5 , the averaged stress concentration factor hr 11 i/S 11 calculated as (Kushch et al., in press) for each inclusion is shown by the solid points. As computations show, for a single inclusion in the infinite plane hr 11 i/S 11 = 34.6; for N = 15, it decreases more than two times even for the outer ellipses whereas variation of hr 11 i/S 11 inside the cluster reaches three times. The maximum average stress is observed in the outer inclusions acting as a shield for the internal inclusions of the cluster: only a small amount of load is transferred to the middle silicate layers. Such a behavior is qualitatively confirmed by 2D finite element analysis by Sheng et al. (2004) of three rectangular inclusions in the matrix. The situation is somewhat different when the cluster is placed near the compositeÕs surface. The corresponding data for a finite dH are shown in Fig. 6 by the open triangles, circles, squares and stars. As our numerical analysis shows, the effect of nearby free boundary manifests itself in considerable (up to two times and more) reduction of average stress in the inclusions closest to the boundary. At the same time, stress in the inclusion on the opposite side of the cluster remains practically unchanged, see Fig. 6 .
We now turn our attention to the analysis of microinhomogeneous half plane with dilute concentration of randomly dispersed identical circular inclusions (l 1 = l 2 = l). Let the phase thermal expansion coefficients (CTEs) b Fig. 7 ), depending on the elastic mismatch of the matrix and inclusions, is found to be anisotropic due to anisotropic stress distribution r II (x) inside the inclusions x = (x 1 , x 2 ) 2 X (1) in the boundary layer À5 6 x 2 /l 6 0; hear hbi 1 = hbi(x) (x = (0, À1) > ). It should be mentioned that the boundary layer effect for the inclusion surface concentration c(x) is limited by the thin area À1 6 x 2 /l 6 0 due to the trivial geometrical constraints on the possible location of inclusion centers y 2 6 À1.05l, while the nature of the free edge effect for the effective CTE appearing in a significantly wider strip À5 6 x 2 /l 6 0 is defined by more complicated reasons of inhomogeneity of residual stress r II (x) inside the inclusion in this strip (see the components of the tensorb Ã ðxÞ=cðxÞ in Fig. 7 ). One presents in Fig. 8 the components of the normalized Fig. 10 ; here r 1 = BS is the Eshelby solution for the homogeneous stress distribution inside the inclusion remote from the free edge. As can be seen, the free edge effects for both f M Ã ðxÞ andr I ðxÞ are also manifested in a wide strip À5 6 x 2 /l 6 0 that reflects inhomogeneity of the stresses inside the inclusions (distinct from the Eshelby solution) in the vicinity of the free edge. In addition, a strong inhomogeneity of f M Ã ðxÞ in the thin strip Àl < x 2 < 0 is also defined by the inhomogeneity of c(x) in this area. Thus, two length scales in the microinhomogeneous half-space were detected. The first length scale l c 1 is defined by the geometrical (constraints) on the location of the inclusion centers (y 2 6 Àl) and exactly vanished at x 2 6 Àl. The second length scale 5l P l c 2 > l c 1 equals the distance of the inclusion to the free edge generating inhomogeneous stresses in the considered inclusion. However, the free-edge problem has a nondetected third length scale l c 3 defined by long distance interaction between the inclusions. The influence of l c 3 on M* negligible at the dilute concentration of inclusion being considered was analyzed for the functionally graded material (see Buryachenko, 2001 ) when the second kind of length scale effect is absent. It was detected that the effective elastic moduli in the large spherical cluster with the constant concentration of spherical inclusions vary in the boundary layer of the cluster with the thickness 5l. This effect expected for nondilute concentration of inclusions in the vicinity of the free edge will lead to the inhomogeneity of statistically averaged stresses hri(x) that in turn will appear in the nonlocal nature of the effective constitutive equation, see for the references Buryachenko and Pagano (2003) . However this sort of problems is beyond the scope of the current publication.
Conclusions
In the present work, an accurate analytical solution has been obtained for an elastic half plane containing a finite array of elliptic inclusions being a model of the near-surface area of fibrous composite. The method combines MuskhelishviliÕs representation of general solution in terms of complex potentials with the superposition principle and with the Fourier integral transform to obtain a complete solution of the many-inclusion problem. By exact satisfaction of all the boundary and interface conditions, the primary boundary-value problem stated on a piece-homogeneous domain has been reduced to an ordinary, wellposed set of linear algebraic equations. The properly chosen form of potentials provides a remarkably simple form of solution: so, the matrix coefficients are given by the algebraic expressions and do not involve the integral terms. It provides high numerical efficiency of the computational algorithm, an accuracy of which is controlled entirely by a number of harmonics in the truncated series retained for practical calculations. The theory developed is rather general and can be applied to solve a variety of 2D elastostatic problems including the edge effects in composites. The advanced many-particle models involving up to several hundred inclusions and thus providing an account for the microstructure statistics can be considered in this way. The effective thermoelastic properties and stress concentration factors of random structure composites with dilute concentration of fibers have been estimated in the vicinity of a free edge. The numerical examples are given showing: (a) accuracy and numerical efficiency of the method developed; (b) disclosing the way and extent to which the nearby free or loaded boundary influences the local and mean stress concentration in the fibrous composite matrix-inclusion interface and (c) can serve as a benchmark for the approximate and numerical methods. 
